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Summations

Definition:
In very basic terms, a summation is the addition of a
set of numbers.

Example:
Let’s say we want to sum the integers from 1 to 5
Here is how you write this out as a summation:

ZB:i =1+2+3+4+5=15

Here, the “I” Is just a variable.
Let’s look at this notation in more detalil...
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Summations

A summation: So what is (j)?

upper limit

SHG) OF Y E(
j=m

»Here, f(j) is simply a‘function in terms of j
wJust like f(x) = 2x+1 is a function in terms
=f(j) is simply some function'in terms of j.

N IS like a for loop:

int sum = 0;

for ( 1nt J =m; J <=n; J++ )
sum += T(3);
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Summations

Example con’d:

Since “I” Is just a variable, we can use any variable
name...

iJason =1+2+3+4+5=15

Jason=1

We also recognize that a summation is merely
summing (adding) the values of some given function

Thus far, we've only looked at this most simple
function:
f(i) = |

And then we summed up those i terms.
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Summations

Example 2:

Now, let us choose our function to be i2, and let us
again sum this from 1 to 5.

Yit=1? 427 43 4+ 42 152 =1+4+9+16+25=55

So, the deal here is we are summing whatever the function is,
and we are summing this from the lower limit all the way to the
upper limit, adding all the values together

What if we let the function be 2i+1

i2i+1 =3+5+7+9+11 =35
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Summations

More summations:

Now let us write this purely in “function” form so we all
see what is going on.

if(i) =fQ+f(2)+f@)+f(4)+ (5

Again, on the previous example, we let f(i) = 2i+1
Thus, we had...

25: 2i+1 = 2O +D+(2(2)+D)+(2(3)+1) + (2(4) +1) + (2(5) +1)
- =3+5+7+9+11 =35
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Summations

Summation Rules:
Here are several useful rules of summations:

ilzn ik:kilzk*n if(i)+g(i):if(i)+ig(i)

*k IS a constant

" n(n+1) ", n(n+1)(2n+1) . n?(n+1)?
;': : ;I _ g ;' :n(n4+)
n n m-1 5

> EM =2 M- @) > 2

i=m i=1 i=1 i=2
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Summations

Examples: 242
i=1

Here, 42 Is a just a constant
We can bring it outside of the summation

> 42=42>'1
=1 i=1
And now we can solve using this rule: iﬂ:n

i42 = 42i1= 42n
i—1 i—1
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Summations

Examples: ;421

Again, we need to determine, for the “stuff”
Inside the summation, what are constants and
what are variables.

We know 42 is a constant.

What about j?
S j Is also a constant!
Why?
The only time that letters (inside the summation) count

as variables are when they are the EXACT SAME
letter as the index of the summation
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Summations

Examples: ;421

Again, we need to determine, for the “stuff”
Inside the summation, what are constants and
what are variables.

1 1S the index of the summation

Do you see any I's inside the summation?
S— Nope.

So ANY and ALL other letters (or anything that looks
like it could be a variable) are NOT variables

Treat them as constants!
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Summations

Examples: ;421

In summary, treat the entire 42j as a constant

S 42j=42j3 1
=1 =1

Now we can solve using the rule; 2 1=n
i=1

S 42j =423 1=42*n
=1 =1
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Summations

Examples: 2 Jeff

Bob=1

Again, look at what is inside the summation
All we have is “Jeff” inside the summation
The index of the summation is “Bob”
So “Jeff” is simply a constant

Jeff Zl = Jeff *n

Bob=1
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Summations

Additional Problems:
We now give several example problems

For each problem, we give you the summation
RULES that you need for the specific problem

These are RULES you will need to know for exams

Learn ‘em, memorize ‘em, or include them on your 1 page
sheet

— You then use the rules to solve the problem
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Summations

Problem 1. Evaluate: Z{a+@}

=i

The purpose of this example is to simply show that when the limits
of the summation are small, you can often ignore rules and just
apply an old-school “plug and chug”

Use: >1-n > Hi+g0) =3 F0)+Y ()

3 (5 + VE) = (5 + V) + (5 + V) + (5 + V) + (5 + V)

1=(h

— = (5+ V1) + (5+ v4) + (5 + VI6) + (5 + v64)
= (5+1) + (5+2) + (5+4) + (5+8)
=6+7+9+13
=35
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Summations

L)

Problem 2. Evaluate: } (4+3i)
=1
Use: Yi-n Y f0+g®=X10+X o0  Yi=""

100 100 104}

Y (4+3i)=) 4+ 3i

10d) 106}

= 4(100) + 3{ 12U+ LY

=400 + 15,150
= 15,550
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Summations

P Ll

Problem 3. Evaluate: > (i-3)

=1

i=1

Use: Yi-n Y f0+g0)-YfO+Ya0)  Yi="0

200 200 L, n(n+1)(2n+1
Y (i-3)2 =3 (2 -6i +9) Z "2 = ( )6( )
=1 1=1 i=1
200 200 200 200 200 200
=Y 2-56+Y9 =) —ﬁ(Zi) +3°9
1=1 1i=1 =1 1=1 1=1 1i=1
200200 + 1)(400 + 1) 200(200 +1) .
— - — 6{ : } + 9(200)

= 2,686,700 - 120,600 + 1800
= 2,567,900.
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Summations

154}

Problem 4. Evaluate: > (4i+1)

1=15

What is different on this problem?
The index of the summation does NOT start at 1!

The rules we know and need to solve this problem
all assume that the lower index is 1

So we need a rule that will change the bounds of
the summation

A rule that will somehow get as a 1 as the lower limit
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Summations

154}

Problem 4. Evaluate: > (4i+1)

1=15

Use: Yi=n Y f@+g®=Xt0+Y o  di=""T

= 2
§4x+1 §4x+§1 if(i):if(i)—if(i)
:4(1§ﬁi)+1§1 (%:-Z) (%1 i)

=1

=4(1aﬂ{1s;ﬂ+ 1) 14{14; 1}) + ((1)(150) — (1)(14))

=4(11,325 - 105) + (136)
= 45,016.
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Summations

Problem 5. Evaluate: > (#+7) e - MO+D"

i=10 = 4

L 2 _ n(n+1)(2n+1)
= 6

i{iﬂi +i2) = ii.‘i_i_ iiﬂz ; f (|) = ; f (I) — ; f (|)

=1} =10 1=1i}

Use: Xi-n Y f@+g®)=Y f0)+X90)

_/80%(80+1)2  92(9+1)%\ . /80(80+1)(160+1) 9(9+1)(18+1)
_( 1 T3 )"'( 6 B 6 )

=10,497,600 - 2025 + 173,880 - 285
=10,669,170.
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Summations

n
Problem 6. Evaluate: Zi
1=k

Not all summations result in a number for an answer
Often, the answer has many variables in it

The is called the “closed form” of the summation

Such is the case for this problem
And the remaining ones
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Summations

n
Problem 6. Evaluate: Zi
1=k

| is clearly a variable (within the summation)
K Is a constant, representing the lower limit of the

summation n n L
gotta fix that! Use: 2 fM=2fMH-2f0)
n n k-1 . .
e zi:Zi_zi :n(n+1)_(k 1)(k —-1+1)
i—k i1 -1 2 2
_n(n+1)_ (k-1(K)
2 2
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Summations

n m

Problem 7. Evaluate: Y >'cC

n i=1 =1
Use: > k=k*n
i=1

Start with the right-most summation
Apply the rule above

Zn: Zm:c:zn:c*m
i=1  j=1 i=1

Now, think about something:

How did we know that ¢ was a constant
Well, at least in part, cuz | told you!

In addition to this fact, you know it is a constant because variables
are always the SAME letter as the index of the summation

j was the index of the inner summation
Thus, any letter would be a constant if it was other than the letter |
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Summations

n m

Problem 7. Evaluate: Y >'cC

n i=1 =1
Use: > k=k*n
i=1

Start with the right-most summation
Apply the rule above

Zn: Zm:c:zn:c*m
i=1  j=1 i=1

Now, look at ¢c*m
We know c is a constant, but what about m?
Well, the index of the summation is i
Any other letter, INSIDE the summation simply acts as a constant
So c*m is also a constant
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Summations

Problem 7. Evaluate: Y >'cC
Use: ik=k*n

Start with the right-most summation
Apply the rule above

ZZC Zcm

=1 j=1

So we apply the same rule again:

m

Z Y= Zc m=(c*m)*n

i=1 j=1
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Summations

Problem 8. Evaluate: Zn: dc

i=l =1

Use: _anlk=k*n Use: ii=n(n+l)

Start with the right-most summation
Apply the rule above

M M=) c*i
i—1  j-1 i—1

Now, refer back to the previous example
Ask yourself, is c*i a constant?

Answer: you must look at the INDEX of the summation
| is the index, AND i is in the “body” of the summation

Therefore, i is most certainly a variable and should be treated
as such!
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Summations

Problem 8. Evaluate: Zn: dc

i=1  j=1
- n(n+1)

Use: 2 k=k*n Use: Xi=—
i=1 i=1

Start with the right-most summation
Apply the rule above

|
) c=) c*i

Now, we pull out the constant, and apply the next rule:

f yi‘,C=_$n:C*i :czn:i :C{”(”;l)}

=l =1
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Summations

Problem 9. Evaluate: > 5in

= Zn:5jn:5n Zn:j

j=n-10 j=n-10
= n(n+1) (n—ll)(n—lo)j
=5 — =5 —
H(ZJ ZJ) n( 5 :
2 2
— :5n[” +n-(n 2_21””10)) 5—”(n +n—-n?+21n-110)

~5n(22n-110)

=55n(n-5)
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Summations

Problem 10. Evaluate: (2i)

n

1(2i)=ianlZijZi;1

i=1 j=

_ e
i=1

_ 2n(n+1)(2n+1) _ n(n+1)(2n+1)
6 3
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Daily Demotivator

UNIQUE

JUST BECAUSE YOU ARE UNIQUE DOES NOT MEAN YOU ARE USEFUL
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